Abstract. We prove that any compact n-manifold M which admits a Riemannian metric g whose curvature is close to −1 also admits an Einstein metric close to g. The measure of closeness depends only on the dimension n. This gives for example existence of Einstein metrics on the exotic negatively curved manifolds constructed by Gromov-Thurston and Farrell-Jones.
1
4 < K ≤ 1 is homeomorphic to the sphere S n . The metrics are constructed on all sufficiently large branched covers of any hyperbolic n-manifold N , with branching locus a totally geodesic submanifold Σ of codimension 2 satisfying [Σ] = 0 in H n−2 (N, R). The degree of the covering depends on ε; the smaller ε, the larger the covering.
A little later Farrell and Jones [7] constructed metrics with arbitrarily pinched negative curvature as in (0.1) on manifolds homeomorphic, but not diffeomorphic, to a hyperbolic n-manifold, n ≥ 5. These manifolds are constructed by taking connected sums of a sufficiently large coverN of any hyperbolic n-manifold N with exotic spheres. In fact, if Θ n denotes the abelian group of homotopy n-spheres, then Farrell-Jones show that the collection of manifoldsN #Σ i , Σ i ∈ Θ n , although all homeomorphic toN , are all distinct diffeomorphically whenever [Σ i ] = ±[Σ j ] in Θ n , and carry metrics satisfying (0.1).
Although the manifolds above do not carry any hyperbolic metric, it has been an open question for some time whether they carry Einstein metrics, for which Ric g = −(n − 1)g.
(0.
2)
The purpose of this paper is to give a general affirmative answer to this question.
Theorem 0.1. Let M be a compact n-manifold, which admits a metric g with ε-pinched negative curvature, (0.1). If ε is sufficiently small, depending only on n, then M admits an Einstein metric g satisfying (0.2). Further, the Einstein metric g is ε ′ close to g, with ε ′ = ε ′ (ε).
The pinching parameter ε may be explicitly calculated from the construction, although we will not try to give a sharp estimate.
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This result would be a simple consequence of the Gromov compactness theorem [9] and the Margulis-Heintze lemma, cf. [1] , for metrics of negative curvature if one assumed an arbitrary but fixed bound on the volume of (M, g), in addition to (0.1), i.e.
where V is independent of ε. We outline the proof of this statement in §1 below. However, such an argument would not provide an effective or explicit bound for ε. More importantly, in the most interesting applications of Theorem 0.1, the volume becomes unboundedly large as ε becomes very small, and so such an argument is not applicable. For instance, on the Gromov-Thurston branched cover manifolds, or the Farrell-Jones exotic structures, the volume of (M, g) increases exponentially in the pinching parameter ε, i.e. as exp(cε −1 ).
Previous work related to Theorem 0.1 was initiated by Min-Oo in [14] , using the Ricci flow to try to evolve the initial pinched metric g on M to a nearby Einstein metric. This approach was developed further by Ye in [19] ; see also recent work by Skinner [18] . However, these results still required a volume dependent bound on ε which was much too weak to apply to the GromovThurston or Farrell-Jones constructions, for instance. It would be interesting if the proof of Theorem 0.1 could be adapted to prove the stability of the Ricci flow at initial metrics satisfying (0.1).
The proof of Theorem 0.1 relies on comparatively elementary arguments. We use the inverse function theorem in a suitable function space to prove that an initial ε-pinched metric may be perturbed slightly to an Einstein metric. This involves a basically standard analysis of the linearized Einstein operator with suitable weight functions, together with somewhat more subtle estimates using the ergodic properties of the geodesic flow on compact manifolds of negative curvature.
Background.
We begin this section with some simple applications of the Gromov compactness theorem to the existence of Einstein metrics on highly pinched manifolds. These applications are probably well-known to experts in the area, and serve mainly to place Theorem 0.1 in a general context. Let (M, g) be a compact Riemannian manifold with sectional curvature −b 2 ≤ K ≤ −a 2 < 0, where a, b are arbitrary positive constants. The well-known Margulis-Heintze lemma, cf. [1] for instance, states that the injectivity radius is then uniformly bounded below;
for all x ∈ M . Thus, there is no local collapse anywhere of the manifold (M, g). Note of course this requires that M is compact; for example, cusp ends of complete manifolds of negative curvature with finite volume will not satisfy (1.1). It follows from (1.1) and the curvature bound that (M, g) admits local coordinates, of size uniformly bounded below and above, in which the metrics are uniformly controlled in the C 1,α or L 2,p topologies, cf. [11] . These local coordinates are harmonic with respect to the metric g.
Moreover, one may smooth the metric g to a nearby metricḡ if desired so that all the covariant derivatives of the curvature are uniformly bounded. This may accomplished by using the Ricci flow for a short time, cf. [2] , or more directly via smoothing with a natural convolution function ρ(x, y), depending only on the distance function r(x, y). If the metric g is ε-pinched as in (0.1), then there exist nearby metricsḡ which are pinched in the smooth topology, i.e.
where ε ′ = ε ′ (n, ε, k) may be made arbitrarily small by choosing ε sufficiently small. In this case, the metric is uniformly controlled in local harmonic coordinates in the C k+1,α topology, for any given k.
Now the Gromov compactness theorem [9] , cf. also [12] or [16] for instance, in this context implies, via (1.1), that the space of n-dimensional Riemannian manifolds (M, g) for which
is precompact in the C 1,α topology, for any fixed a, b, V ; here vol denotes the volume of (M, g).
In particular, there are only finitely many manifolds satisfying the bounds (1.3), for any given a, b, V . It follows that any n-manifold (M, g) satisfying (1.3) with sufficiently pinched curvature, i.e. a and b sufficiently close to 1, will be hyperbolic, in that M admits a hyperbolic metric. (This is proved by an elementary contradiction argument, assuming the existence of an infinite sequence of non-hyperbolic manifolds (M i , g i ) with a i , b i → 1). For the same reasons, if (1.3) holds, (again for arbitrary but fixed a, b, V ), and the Ricci curvature is sufficiently pinched, in that
for ε sufficiently small, then M admits an Einstein metric g, close to g. The constant ε depends on a, b and V but is not however effectively computable through such compactness arguments. This simple argument can be generalized somewhat further. For example, suppose instead of (1.3) one just assumes the weaker bound |K| ≤ Λ but the much stronger bound diamM ≤ D, where diam denotes the diameter, for some Λ, D < ∞, together with ε-pinched Ricci curvature (1.4). (Equivalently, one may assume a bound on the scale-invariant product diam 2 · |K| ≤ D ′ ). In this situation, the hyotheses of the Margulis-Heintze lemma do not hold, and so a metric g may apriori be highly collapsed, i.e. have small injectivity radius. However, a result of Rong [17] states that the bounds above imply that (1.1) does hold. Hence, the same argument as above again implies the existence of an Einstein metric near g on M , for ε sufficiently small, depending on Λ, D, (or D ′ ). Similar compactness-type arguments can be given for metrics whose Ricci curvature is sufficiently close to some λ ∈ R, in place of λ = −(n − 1), assuming in addition however a lower volume bound.
In any case, unfortunately, the assumptions on volume or diameter in any of the situations above are too strong to be of much use in proving the existence of interesting Einstein metrics.
Next, we present some background material needed for the proof of Theorem 0.1. Let M m,α be the space of C m,α Riemannian metrics on M , i.e. metrics which are C m,α smooth in a local coordinate atlas for M . Throughout the paper, we only consider metrics satisfying (0.1) or (1.2) with ε ≤ 1 2 or ε ′ ≤ 1 2 , (for example). Since such metrics satisfy (1.1), the coordinate charts will always be chosen to be harmonic coordinates of a definite size, uniformly bounded away from 0 and ∞. The C m,α norm of a metric is then the maximum of the C m,α norms of the component functions g ij in such harmonic coordinates. Similarly, let S m,α 2 be the space of C m,α symmetric bilinear forms on M . In the following, it will always be assumed that m is a fixed integer m ≥ 3, and α ∈ (0, 1).
The Einstein condition (0.2) is invariant under diffeomorphisms. In order to break this invariance to obtain an elliptic operator, we use the Bianchi gauge. Thus, following [5] , consider the operator
where g 0 is a fixed background metric. In all applications in this paper, g 0 will be the initial pinched metric, satisfying (1.2). Here β is the Bianchi operator, given by β g 0 (g) = δ g 0 (g) + cf. [5] .
The linearization of Φ at g 0 is given by
where R(h)(X, Y ) = R(e i , X)Y, e i . By a standard Weitzenbock formula, cf. [2] or [4] , one has
and δh is the usual divergence operator δh = −(∇ e i h)(e i ). Thus L can be rewritten as
For a hyperbolic metric of constant curvature -1,
Hence, one may write
where |ε(h)| ≤ cε|h|, where ε is the pinching constant (0.1) and c is a fixed constant, (coming from the algebra of the curvature tensor). Set
We conclude this section with the following elementary and essentially standard Lemma, needed later.
2). For h and f as above, one has the following estimates on trh and δh:
for a fixed constant C, depending only on dimension.
Proof: To prove (1.12), take the trace of (1.11), using (1.7). Since trR(h) = Ric, h one has
where z = Ric − s n g 0 is the trace-free Ricci curvature of g 0 and s is the scalar curvature. Note that |z| ≤ ε. Applying the maximum principle and standard elliptic regularity, cf. [8] , to this equation then gives the estimate (1.12).
To prove (1.13), let g t = g 0 + th, and consider the derivative
On the other hand, the definition of Φ in (1.5) and the Bianchi identity imply that, at t = 0, 
Forming the inner product (D * D -Ric)(β(h)), β(h) and applying the maximum principle, together with the fact that the Ricci curvature is strictly negative definite gives the bound
This, together with the C 1 estimate for trh, and the definition of β gives (1.13).
2. Proof of Theorem 0.1.
Let (M, g 0 ) be a compact Riemannian manifold with ε-pinched curvature, as in (0.1). As discussed in §1, we assume, without loss of generality, that g 0 is ε-pinched in the C k topology, so that (1.2) also holds, for some choice of k ≥ 2. As stated in the introduction, the idea of the proof of Theorem 0.1 is to use the inverse function theorem to perturb g 0 to an Einstein metric. The main tool needed to accomplish this is given by the following result. Let L be the linearized Einstein operator, as in (1.7) or (1.10).
Proposition 2.1. Let (M, g 0 ) be as above, and let m = k + 1. If ε is sufficiently small, there is a fixed constant Λ, independent of ε, such that Proof: Note first that the estimate (2.1) is local; it needs to be established in local harmonic coordinate charts, as discussed in §1. The operator L in (1.7) is an elliptic operator on h, and by simple inspection, one has uniform control on all the coefficients of L in local harmonic coordinates. More precisely, the leading order term D * D has (uniformly controlled) C m,α coefficients, while the 0-order terms involving curvature have uniformly controlled C m−2,α coefficients. Hence, the Schauder estimates for elliptic systems, cf. [8] , [15] , give the uniform estimate
for the components h αβ of h on fixed domains Ω ′ ⊂ Ω ⊂ R n , with Λ = Λ(m, n); (in general Λ depends also on Ω ′ and Ω, but since these have uniformly controlled size, this dependence is irrelevant for our purposes). Thus, for L(h) = f as in (1.11), it suffices to prove there is a constant
Since (2.3) is linear, one may assume that
so that (2.3) is equivalent to the bound ||h|| L ∞ ≤ C. The estimate (2.3) cannot be proved locally, and so requires use of global techniques.
Let η be a smooth function on a domain Ω ⊂ M , to be determined later. Pairing (1.10) with ηh and integrating by parts, one has 4) where N is the unit outward normal. Similarly
Also, dh, d(ηh) = η|dh| 2 + dh, dη ∧ h and δh, δ(ηh) = η(δh) 2 -δh, h(dη) . Substituting this in (1.10) gives then 6) where B consists of the two boundary terms in (2.4) and (2.5). In the following, we ignore the positive terms |dh| 2 and (trh) 2 on the right in (2.6). Similarly, the remaining term containing δh, as well as the corresponding boundary term, will be estimated later, using (1.13).
Next we integrate by parts once more to obtain
A simple computation shows that h, δ(dη ∧ h) = −(∆η)|h| 2 + D 2 η, h 2 . Hence, setting D = | Ω δh, h(dη) | and putting this term on the right in (2.6), we obtain
Suppose vol g 0 M were uniformly controlled, independent of ε. Then one could just set Ω = M , η = 1, and easily prove (2.3), via the Cauchy-Schwarz inequality on the right hand side of (2.8) and standard elliptic regularity. However, without any control on volM , this argument would only bound the average of the L 2 norm of h over all M in terms of the L ∞ norm of f . This is not enough to control the L 2 norm of h over a given domain of fixed diameter. In particular, this information is not enough to deduce (2.3).
To balance the size of the volume, let R be a large constant, of size to be determined later, and set
where α is a constant close to (n − 1) and r(x) = dist(x, x 0 ), for some base point x 0 . This weight function balances the apriori maximal volume growth that geodesic balls in M might have: volB(r) ≤ e (n−1+cε)r . However, the distance function r is not smooth on the compact manifold M . While the first integration by parts above is still valid, since r is Lipschitz, the second is not.
To deal with this situation, we pass to the universal cover M of M . Since M has negative curvature, the distance function r on M is globally smooth, and so the computations above are valid, for any compact smooth domain Ω ⊂ M , with η defined as in (2.9) on M in place of M . The discontinuity of dη at S(R) in (2.9) also introduces a negative contribution from the boundary term in (2.7), on the order of
which will dealt with later.
For simplicity, we first carry out the remainder of the proof when the metric (M, g 0 ) is hyperbolic, of constant curvature −1. Following this, we extend the analysis to the case of ε-pinched curvature, using essentially standard comparison geometry. To simplify the notation, we write g 0 as g for the rest of the proof.
Thus, assume that (M, g) is hyperbolic. Then, for r ≥ R D 2 r = coth(r)ĝ, (2.11) whereĝ is the induced metric on the sphere S n−1 (r). Since D 2 f (r) = f ′ D 2 r + f ′′ dr · dr, we have Let |h 11 | 2 = dr · dr, h 2 and |ĥ| 2 = ĝ, h 2 . Then D 2 η, h 2 = (−α coth(r)|ĥ| 2 + α 2 |h 11 | 2 )η, so that
To relate the h terms in (2.14), observe that
, and 1
where S x is the unit sphere in the tangent space T x M, with |h vv | 2 ≡ v ·v, h 2 and similarly for |ĥ v | 2 . Thus, the average values of |h vv | 2 and |ĥ v | 2 over S x are related to the value of |h| 2 at x. The main point of the arguments to follow is to prove that the analogue of (2.15) also holds approximately when integrating over M , with |h 11 | 2 and |ĥ| 2 in place of |h vv | 2 and |ĥ v | 2 .
To begin, let M R = M \ B x 0 (R). By the Gauss Lemma, one has
and similarly for |ĥ| 2 . We choose α > (n − 1) in (2.9) sufficiently close to (n − 1) so that
where C 0 is large. Recall that volS(r) ∼ e (n−1)r in hyperbolic space.
Lemma 2.2. If (M, g) is a compact hyperbolic manifold, then
M R η|h 11 | 2 dV = 1 + µ n 2 M R η|h| 2 dV,(2.
17)
and
18)
where µ = µ(R, C 0 ) and ν = ν(R, C 0 ) may be made arbitrarily small, by choosing R and C 0 sufficiently large.
Proof:
The main point of the proof is to use the ergodic properties of the geodesic flow on the sphere bundle SM of M . The unit vector field N = ∇r embeds S(r) and B(r) ⊂ M into the sphere bundle S M . Let H(r) = N (S(r)) and K(r) = N (B(r)) be the corresponding submanifolds of S M . The group Γ = π 1 (M ) acts isometrically on M by covering transformations. If F is a fundamental domain for the action of Γ, then for any x ∈ M , there is a unique γ ∈ Γ such that γ(x) ∈ F . Hence, N = ∇r gives an embedding of S(r) and B(r) into SM . As r → ∞, the manifold K(r) \ K(r/2) converges to the stable manifold of the geodesic flow on SM , given by the union of the stable horoballs. The stable manifold and stable horospheres are dense in SM , and generically complete geodesics are dense in SM . Since the metric is hyperbolic, the geodesic flow acts on the stable manifold by expanding its volume form uniformly, (at every point), by the factor e (n−1)t , where t is the flow time.
Now the Liouville measure on SM is given, up to a constant, by
where dV S and dV U are the volume forms on the stable and unstable horospheres and τ is the 1-form dual to the geodesic vector field T . We assume the measure is normalized to unit volume. The Liouville measure is the unique smooth measure invariant under the geodesic flow. The expansion of the measure dV S on the stable horospheres is exactly cancelled by the contraction of the measure dV U on the unstable horospheres along the flow. Consider then the measure
as a measure on SM . In terms of forms, dµ r is pulled back to SM by π * , where π : SM → M is the natural projection. Since the metric is hyperbolic, the expansion of dV S(r) along the flow is exactly cancelled by the contraction of 1/volS(r), which equals the contraction of the measure on the unstable manifold of the geodesic flow on SM . It follows that 1
weakly. Now of course h on M is Γ-invariant and |h vv | 2 = v · v, h 2 is a well-defined function on SM , which restricts to |h 11 | 2 on S(r) ⊂ SM . Hence the weak convergence of the measures gives
where the second equality follows from (2.15) and the fact that SM has unit volume. For the same reasons
We then have
The term in the bracket converges to 1 n 2 volM M |h| 2 dV, so that for r ≥ R with R sufficiently large,
Hence,
for some µ = µ(R, C 0 ). Similarly, We now use these estimates to bound the left side of (2.8) from below. First, on B x 0 (R), the left side of (2.8) is bounded below by
On M R , by combining (2.14), (2.17) and (2.18), the left side of (2.8) is bounded below by
where υ = max(µ, ν). Choosing R sufficiently large so that υ << n −2 , we will ignore the term υ in (2.27) in the following. There is also the term (2.10) from the seam at S(R),
Now coth(r) ≥ 1 and writing α = (n − 1) + β, simple arithmetic shows that the integrand in (2.27) is bounded below by
This coefficient is uniformly bounded below for β sufficiently small, e.g. β ≤ (2n) −1 . Putting these estimates together gives the main estimate
where B is the boundary term at infinity and c is a fixed positive constant. In the following, c and C will denote fixed positive constants, depending only on dimension, which may vary from line to line. Finally, we use the fact that the constant C 0 in (2.16) is large, independent of ε. Note this is equivalent to the choice that β is small. This gives
Thus, the seam term at S(R) in (2.30) may be absorbed into the M integral, and one obtains
The argument is now easily completed as follows. We have f, ηh ≤ µη|h|
Choose the center point x 0 in the definition of η in (2.9) so that ||h||(x) ≤ ||h||(x 0 ), for all x ∈ M . By standard elliptic theory as in (2.2), on a ball of unit size, one has
On the other hand, we have the following trivial estimate for the right side of (2.33):
Combining these estimates gives, since C 0 is fixed,
The boundary term B on S(r) in (2.8), (cf. (2.4) ), is bounded by
η|h||Dh|.
Standard elliptic theory as above gives
since r is taken to ∞ and η(r) · volS(r) << 1 when r is large. The other boundary term of B, cf. (2.5), is treated in the same way. Thus, the B term in (2.34) may be absorbed into the right hand side and the f term. Finally for the D term coming from (2.8), one has
The second term in (2.35) is bounded by µC 0 ||h|| 2 L ∞ , so choosing µ sufficiently small, this term can be absorbed into the right of (2.34). Next, use (1.13) to estimate the first term in (2.35). Thus
Assuming ε is sufficiently small, the last term here may also be absorbed into the right in (2.34). Thus, one has left the bound
The proof in the case that (M, g) is ε-pinched is a straightforward modification of this proof using only standard comparison geometry. First, we need to redefine η slightly.
As above, the volume form dV S(r) in SM converges to the volume form of stable horospheres in SM . Similarly, the stable horospheres are dense in SM , as are generic geodesics. The volume form dV S(r) expands under the geodesic flow, according to the expansion of the Jacobian of the exponential map exp based at x 0 ; cf. [6] and references therein for background on the geodesic flow on negatively curved manifolds. Now we need to redefine η to "undo" the volume expansion of the geodesic flow. If one just divides by the total volume, the measure will not converge to Liouville measure; it concentrates instead on the distribution given by the largest Liapunov exponent of the geodesic flow.
Thus, redefine η on M by setting
Here r(x) = dist(x, x 0 ) as above, J −1 is the Jacobian of the inverse exponential map taking S(r) to S x 0 (1) ⊂ T x 0 M and φ(r) = e −β(r−R) volS(R), with β = α − (n − 1) > 0 small, to be determined below. By construction, the measure J −1 dV S(r) , supported on S(r) ⊂ SM and scaled to unit volume, is then preserved under the flow of geodesics starting at x 0 . For the same reasons as the hyperbolic case, it then follows that
weakly. The function η is not continuous at R; however, it may be smoothed in a standard way in the annulus A(R − 1, R + 1), by convolution with a smooth mollifier. Given this new definition of η, we need to estimate the main term in (2.8), as done above in the hyperbolic case.
Lemma 2.3. Suppose (M, g
) is strongly ε-pinched as in (1.2) , with k = 2, and η is given by (2.36) . Then for r ≥ R + 1,
where H is the mean curvature of S(r), estimated by
Proof: The proof is essentially standard comparison geometry. Thus, the estimate (2.40) is a standard consequence of the Rauch comparison theorem, cf. [16] , given (0.1). From (2.36) one computes
where J is the Jacobian of the time r exponential map S x 0 → S(r).
where ω is a 1-form tangent to S(r), so that
Note that ∆r = H. It follows that
We have φ ′ /φ = −β, and so the first term in (2.42) equals −H(H + β)η. Expanding the 2nd term gives
For the first term here, (φ ′ /φ) ′ = 0 while by the Ricatti equation, −H ′ = |A| 2 + Ric(T, T ), where T = ∇r and A is the 2nd fundamental form of S(r). Standard comparison geometry, e.g. [16] , implies this term is O(e −2r ), and we assume R is chosen large enough so that O(e −2R ) = O(ε). Thus, this term will be ignored. The second term in (2.42) is then (H + β) 2 η + O(ε). Finally, standard comparison geometry, (using the derivative of the Jacobi equation), shows that the third term in (2.42) is also O(ε). Hence,
which is equivalent to (2.39).
To prove (2.38), one calculates
From standard comparison geometry as above, with X of norm 1, one has
, and X(log η) = O(ε) for X ⊥ ∇r. Since dr(η) = −(β + H)η from (2.41), one thus obtains
Finally, standard comparison geometry gives 
where µ = µ(C 0 , R, ε) and ν = ν(C 0 , R, ε) may be made arbitrarily small, by choosing C 0 and R sufficiently large.
Proof: Using (2.37), the proof is identical to the proof of Lemma 2.2.
The rest of the argument is now the same as that in the hyperbolic case. Briefly, combine the estimates (2.38)-(2.40) and (2.44)-(2.45); this gives the following lower bound on the integrand of the left hand side of (2.8):
Assume R is sufficiently large so that | coth(1 + ε)r -coth(1 − ε)r| < ε, for r ≥ R. It follows that H = (n − 1) + O(ε). Using this and simple arithmetic gives the following direct analogue of (2.29):
Hence, for β small, e.g. β ≤ (2n) −1 , and ε sufficiently small, the coefficient is bounded below by some positive constant c. Clearly, it is possible to explicitly estimate the size of ε so that the coefficient in (2.46) is positive; we will forgo this here however. The seam term Q in (2.10) or (2.30) is now replaced by corresponding term for the behavior of the smoothing of η on A(R − 1, R + 1). Using the fact that |d log η| is uniformly bounded, by (2.41), this term is of the same order as Q before, and so is analysed in the same way. The remainder of the proof is then identical to the hyperbolic case.
This completes the proof of Proposition 2.1.
Remark 2.5. Proposition 2.1 does not hold for non-compact manifolds (M, g) with ε-pinched curvature. For instance, it fails on hyperbolic space (H n , g −1 ). The hyperbolic metric g −1 has in fact an infinite dimensional space of infinitesimal Einstein deformations, i.e an infinite dimensional space of solutions of the equation L(h) = 0, with h bounded in C ∞ . In particular L is not invertible on C m−2,α . Of course the geodesic flow is not ergodic on H n .
Next, we need to prove that Proposition 2.1 holds for all metricsḡ sufficiently close to g 0 in the C m,α topology. Thus, let B g 0 (µ) denote the ball of radius µ about g 0 in the C m,α topology on M m,α . Corollary 2.6. For ε sufficiently small, there exists µ 0 , independent of ε, such that (2.1) holds for allḡ ∈ B g 0 (µ 0 ), with Λ < ∞ fixed, independent of ε. 
